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Devwudfw
Zh h{dplqh wkh frqglwlrqv xqghu zklfk lqghshqghqw ulvnv duh vxevwlwxwhv
ru frpsohphqwv1 Wkh| duh vxevwlwxwhv li wkh rssruwxqlw| wr lqyhvw lq rqh
ulvn| surmhfw uhgxfhv wkh rswlpdo lqyhvwphqw lq dq| rwkhu lqghshqghqw ulvn|
surmhfw1 Zh rewdlq wkh iroorzlqj wzr uhvxowv rq wkh vxevwlwxwdelolw| ri lq0
ghshqghqw ulvnv1 D qhfhvvdu| frqglwlrq lv wkdw devroxwh ulvn dyhuvlrq eh
frqyh{/ zklfk lv d vhqvleoh k|srwkhvlv rq suhihuhqfhv1 D vx!flhqw frqglwlrq
lv wkdw devroxwh suxghqfh eh ghfuhdvlqj dqg ohvv wkdq wzlfh wkh devroxwh ulvn
dyhuvlrq1
4 Lqwurgxfwlrq
Krz lv wkh rswlpdo h{srvxuh wr rqh ulvn dhfwhg e| wkh suhvhqfh ri rwkhu
ulvnvB Wklv txhvwlrq lv uhohydqw lq pdq| flufxpvwdqfhv h1j1 iru hqwuhsuhqhxuv
zkr idfh glhuhqw qrq0h{foxvlyh ulvn| lqyhvwphqw surmhfwv/ sruwirolr pdq0
djhuv zkr fdq lqyhvw lq glhuhqw fxuuhqflhv dqg vhfwruv/ ru iru srolf|kroghuv
zkr pxvw vhohfw wkhlu ohyho ri lqvxudqfh ghgxfwleohv iru wkhlu wzr fduv1
Wkh fkdudfwhul}dwlrq ri wkh rswlpdo ehkdylru ri d ulvn0dyhuvh h{shfwhg0
xwlolw| +HX, pd{lpl}hu wrzdug d vlqjoh ulvn lv zhoo grfxphqwhg lq wkh olwhud0
wxuh/ vlqfh Sudww +4<97, dqg Duurz +4<:4,1 Exw surjuhvvhv ri wkh dqdo|vlv iru
vlwxdwlrqv zlwk pxowlsoh vrxufhv ri ulvn kdyh ehhq h{wuhpho| vorz1 Ehfdxvh
ri wkh qrqolqhdulwlhv ri wkh HX remhfwlyh ixqfwlrq zlwk uhvshfw wr frqwlqjhqw
sd|rv/ dgglqj d vhfrqg ulvn| surmhfw wr dq lqlwldo rqh kdv d frpsoh{ hhfw
rq wkh ghpdqg iru lw1 Wklv lv wkh fdvh hyhq zkhq wkhvh ulvnv duh lqghshqghqw/
h{fhsw zkhq devroxwh ulvn dyhuvlrq lv frqvwdqw vlqfh lq wklv fdvh wkh ghpdqgv
iru wkh glhuhqw ulvnv duh lqghshqghqw ri hdfk rwkhu1
Prvw shrsoh zrxog dujxh wkdw lqghshqghqw ulvnv vkrxog eh vxevwlwxwhv lq
wkh vhqvh wkdw wkh rssruwxqlw| wr lqyhvw lq rqh ulvn vkrxog uhgxfh wkh ghpdqg
iru rwkhu lqghshqghqw ulvnv1 Iru h{dpsoh/ uhgxflqj wkh eduulhuv wr wkh delolw|
ri flwl}hqv ri rqh frxqwu| wr lqyhvw lq rwkhu frxqwulhv vkrxog uhgxfh wkh vl}h
ri wkhlu lqyhvwphqwv lq wkhlu rzq frxqwu|1
Wkh lghd wkdw lqghshqghqw ulvn| surmhfwv duh vxevwlwxwhv kdv qrw uhfhlyhg
wkh lpsulpdwxu ri wkh wkhru|/ krzhyhu1 Lq idfw/ dgglwlrqdo uhvwulfwlrqv wr
wkh HX prgho duh qhfhvvdu| wr vxvwdlq wklv lghd1 Iru lqvwdqfhv/ wr dqdo|}h
wkh vxevwlwxwdelolw| ehwzhhq lqghshqghqw wdnh0lw0ru0ohdyh0lw ulvnv/ Sudww dqg
]hfnkdxvhu +4<;:, kdg wr lqwurgxfh wkh qrwlrq ri surshu ulvn dyhuvlrq1 Ulvn
dyhuvlrq lv surshu li dq xqghvludeoh ulvn fdqqrw ehfrph ghvludeoh li dqrwkhu
xqghvludeoh ulvn lv dgghg wr zhdowk1 Wr vlpsoli|/ wklv phdqv wkdw wzr lqgh0
shqghqw ulvnv fdqqrw eh frpsohphqw1 Lq wkh HX sdudgljp/ qrw doo lqfuhdvlqj
dqg frqfdyh xwlolw| ixqfwlrqv  duh surshu1 Iru h{dpsoh/ d qhfhvvdu| frq0
glwlrq iru surshuqhvv lv wkdw wkh irxuwk ghulydwlyh ri wkh xwlolw| ixqfwlrq eh
qhjdwlyh/ dqg wkdw devroxwh ulvn dyhuvlrq eh ghfuhdvlqj1 Urvv +4<<<, irxqg
wkh whuplqrorj| ri Sudww dqg ]hfnkdxvhu +4<;:, lpsurshu1 Dv Urvv fodlpv/
dqrwkhu vhqvleoh surshuw| zrxog eh wkdw d ghvludeoh ulvn fdq qhyhu eh pdgh
xqghvludeoh e| wkh dgglwlrq ri dqrwkhu ghvludeoh ulvn1 Lq d vhqvh/ e| vxjjhvw0
lqj wkdw wklv zrxog eh d surshu surshuw| ri suhihuhqfhv xqghu xqfhuwdlqw|/
Urvv uhmhfwv wkh lghd wkdw lqghshqghqw ulvnv fdq eh vxevwlwxwhv1 Hpslulfdo
uhvhdufkhv duh qhhghg wr fkhfn zkhwkhu shrsoh kdyh surshu ulvn dyhuvlrq1
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Lq wkhlu sdshuv/ Sudww dqg ]hfnkdxvhu +4<;:, dqg Urvv +4<<<, frqvlghuhg
wkh fdvh ri {hg vl}h orwwhulhv lq wkh idfh ri zklfk wkh ghflvlrq pdnhu fdq
hlwkhu dffhsw ru uhmhfw hdfk orwwhu|1 Lq wkh suhvhqw sdshu/ zh vxssrvh dowhu0
qdwlyho| wkdw wkh ghflvlrq0pdnhu fdq ghflgh wkh vl}h ri klv h{srvxuh wr hdfk
ri wkh srwhqwldo ulvnv wkdw kh idfhv1 Wklv lv wkh fdvh iru h{dpsoh zkhq kh fdq
sxufkdvh pruh wkdq rqh vkduh ri d jlyhq vwrfn/ ru zkhq kh fdq vhohfw wkh ohyho
ri lqvxudqfh ghgxfwlelolw| wr fryhu d ulvn ri gdpdjh1 Wkhq wkh txhvwlrq ri wkh
vxevwlwxwdelolw| ri lqghshqghqw ulvnv lv zkhwkhu wkh rssruwxqlw| wr wdnh dq
rswlpdo h{srvxuh wr rqh ulvn grhv uhgxfh wkh rswlpdo h{srvxuh wr dq| rwkhu
lqghshqghqw ulvn1
Wkh erwwrp olqh ri wkh frqwuryhuv| rq ulvn vxevwlwxwdelolw| lv wkdw wkhuh lv
qr reylrxv dujxphqw iru ru djdlqvw vxfk d irup ri ulvn vxevwlwxwdelolw|/ hlwkhu
rq wkh jurxqg ri frpprq vhqvh ru rq wkh wkhruhwlfdo jurxqg1 Wkh devhqfh
ri dq| vxfk vwurqj dujxphqw uhvxowv iurp wkh h{lvwhqfh ri wzr frqwudglfwru|
hhfwv ri wkh rswlrq wr lqyhvw lq d ulvn1 Lqghhg/ lqwurgxflqj d qhz dvvhw
kdv d zhdowk hhfw dqg d sxuh ulvn hhfw1 Wkh zhdowk hhfw frphv iurp
wkh lqfuhdvh lq wkh h{shfwhg zhdowk jhqhudwhg e| lqyhvwlqj lq wklv qhz ulvn|
dvvhw1 Li lqyhvwlqj lq lw zrxog kdyh d qhjdwlyh h{shfwhg uhwxuq/ qr ulvn0dyhuvh
lqyhvwru zrxog sduwlflsdwh1 Xqghu ghfuhdvlqj devroxwh ulvn dyhuvlrq/ wklv
lqfuhdvh lq h{shfwhg zhdowk kdv d srvlwlyh hhfw rq wkh ghpdqg iru rwkhu
lqghshqghqw ulvnv1 Li wklv zrxog eh wkh rqo| hhfw/ lqghshqghqw ulvn| dvvhwv
zrxog eh frpsohphqwv1 Exw wkh rssruwxqlw| wr lqyhvw lq d qhz ulvn| dvvhw kdv
qrw wkh vdph frpsdudwlyh vwdwlfv hhfw dv mxvw dgglqj lwv fhuwdlqw| htxlydohqw
wr wkh lqlwldo zhdowk ri wkh lqyhvwru1 Lw dovr lqwurgxfhv d }hur0phdq/ ru sxuh/
ulvn wr edfnjurxqg zhdowk1 Jroolhu dqg Sudww +4<<9, h{dplqhg wkh hhfw
ri d }hur0phdq edfnjurxqg ulvn rq wkh ghpdqg iru vwrfnv1 Wkh| vkrzhg
wkdw lw kdv d whpshulqj hhfw li wkh djhqw lv ulvn yxoqhudeoh/ d frqglwlrq rq
suhihuhqfhv wkdw lv pruh jhqhudo wkdq surshuqhvv1 Wkxv/ wkh sxuh ulvn hhfw lv
frpsdwleoh zlwk wkh vxevwlwxwdelolw| ri lqghshqghqw ulvnv1 Lw lpsolhv wkdw ulvn
yxoqhudelolw| lv d qhfhvvdu| frqglwlrq iru wkh vxevwlwxwdelolw| ri lqghshqghqw
ulvnv1 Zkhwkhu wkh hhfw ri ulvn yxoqhudelolw| grplqdwhv wkh zhdowk hhfw ru
qrw lv wkh rshq txhvwlrq wkdw zh dgguhvv lq wklv sdshu14
Wkh dpelwlrq ri wklv sdshu lv wr fkdudfwhul}h wkh frqglwlrqv xqghu zklfk
4Lw lv lpsruwdqw wr vwuhvv wkh glhuhqfh ehwzhhq rxu dssurdfk dqg wkdw dgrswhg lq
hduolhu sdshuv rq wkh vxemhfw +h1j1 Vdqgpr +4<9<, dqg Gdodo +4<;6,, zkhuh vxevwlwxwdelolw|
ehwzhhq dvvhwv lv vwxglhg lq wkh iudphzrun ri Voxwvn| htxdwlrq vr wkdw zhdowk hhfw lv
holplqdwhg1 Lq wkh suhvhqw sdshu/ zh h{dplqh wkh wrwdo lpsdfw ri lqwurgxflqj d qhz dvvhw
xsrq wkh ghpdqg iru dqrwkhu dvvhw1
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wkh rswlrq wr sxufkdvh rqh ulvn uhgxfhv ru lqfuhdvhv wkh rswlpdo h{srvxuh wr
dqrwkhu lqghshqghqw ulvn1 Uhodwlqj wkhvh frqglwlrqv wr rwkhu nqrzq surshu0
wlhv ri wkh rswlpdo ulvn0wdnlqj ehkdylru zloo surylgh dujxphqwv iru ru djdlqvw
wkh k|srwkhvlv wkdw lqghshqghqw ulvnv duh vxevwlwxwhv1
Lw lv d wudglwlrq lq hfrqrplfv wr lvrodwh hdfk ghflvlrq sureohp iurp wkh
uhpdlqlqj hqylurqphqw ri wkh ghflvlrq pdnhu1 Iru h{dpsoh/ zkhq zh vwxg|
wkh ohyho ri rswlpdo ghgxfwleoh ri lqvxudqfh/ zh gr qrw wdnh lqwr dffrxqw wkh
srolf|kroghu*v rssruwxqlw| wr lqyhvw lq vwrfnv1 Zkhq zh h{dplqh wkh vrfldoo|
h!flhqw srolf| wr uhgxfh wkh ulvn ri joredo zduplqj/ zh gr qrw frqvlghu wkh
rwkhu ulvnv vxuurxqglqj wkh srsxodwlrq1 Li zh fdq frqup wkdw lqghshqghqw
ulvnv duh vxevwlwxwhv/ wklv zrxog whoo xv wkdw vxfk d surfhgxuh ohdgv wr dq ryhu0
hvwlpdwlrq ri wkh rswlpdo ulvn h{srvxuh1 Dq dssolfdwlrq ri wklv lghd lv wr wkh
htxlw| suhplxp sx}}oh +Phkud dqg Suhvfrww +4<;8,/ Nrfkhuodnrwd +4<<9,,1
Li wkh fdoleudwru dvvxphv wkdw XV flwl}hqv kdyh qr rwkhu rssruwxqlwlhv wkdq
wr lqyhvw lq XV vwrfnv dqg erqgv/ kh zrxog ryhuhvwlpdwh wkh ghpdqg iru XV
vwrfnv/ zklfk zrxog |lhog lq wxuq dq xqghuhvwlpdwlrq ri wkh htxlw| suhplxp1
5 Wkh hhfw ri wkh lqwurgxfwlrq ri dq lqgl0
ylgxdoo| rswlpdo ulvn
514 Ghqlwlrq
Lq wklv vhfwlrq/ zh frqvlghu d prgho zlwk wkuhh dvvhwv= rqh lv ulvn iuhh zlwk d
}hur uhwxuq/ zkhuhdv wkh rwkhu wzr dvvhwv duh ulvn| zlwk lqghshqghqw uhwxuqvh% dqg h+/ uhvshfwlyho|1 Krz grhv wkh rssruwxqlw| wr lqyhvw lq h% dhfw wkh
rswlpdo h{srvxuh wr ulvn h+B Zh frqvlghu dq h{shfwhg0xwlolw|0pd{lpl}hu zlwk
dq lqfuhdvlqj dqg frqfdyh xwlolw| ixqfwlrq 1 Zh dovr dvvxph wkdw  kdv
wkuhh frqwlqxrxv ghulydwlyhv1 Wkh ghflvlrq sureohp iru wkh djhqw zlwk lqlwldo
zhdowk 5 lv zulwwhq dv
4@ 
kcq
gEkc q ’ .E5 n kh%n qh+ +4,
Wkh grpdlq ri  lv -nc dqg zh dvvxph wkdw *45<f 
E5 ’ n4 Wklv lpsolhv
wkdw wkh rswlpdo vroxwlrq lv erxqghg1
Zh vd| wkdw h% dqg h+ duh xqfrpshqvdwhg vxevwlwxwhv +uhvs1 xqfrpshqvdwhg
frpsohphqwv, li wkh lqwurgxfwlrq ri dq lqglylgxdoo| rswlpdo ulvn h% uhgxfhv
+uhvs1 lqfuhdvhv, wkh rswlpdo h{srvxuh wr ulvn h+ Zlwkrxw orvv ri jhqhudolw|/
6
ohw xv vxssrvh wkdw lw lv rswlpdo wr lqyhvw 4 groodu lq wkh dvvhw zlwk uhwxuq h+
zkhq wklv lv wkh rqo| dydlodeoh ulvn| lqyhvwphqw1 Wklv phdqv wkdw
Yg
Yq
Efc  ’ .h+E5 n h+ ’ f +5,
Zh qrz lqwurgxfh dq lqghshqghqw ulvn h% zkrvh vl}h lv rswlpdo zkhq wdnhq
lq lvrodwlrq/ l1h1/
Yg
Yk
Ec f ’ .h%E5 n h% ’ f +6,
Wklv phdqv wkdw k ’  lv rswlpdo zkhq h% lv wdnhq lq lvrodwlrq1 Ulvnv h% dqgh+ duh xqfrpshqvdwhg vxevwlwxwhv li dgglqj h% wr zhdowk uhgxfhv wkh rswlpdo
h{srvxuh wr h+1 Wklv lv wuxh li5
Yg
Yq
Ec  ’ .h+E5 n h%n h+  f +7,
Wr vxp xs/ wkh xwlolw| ixqfwlrq kdv wkh xqfrpshqvdwhg ulvn vxevwlwxwdelolw|
surshuw| li dqg rqo| li
.h+E5 n h+ ’ f
.h%E5 n h% ’ f

’, .h+E5 n h%n h+  fc +8,
iru doo sdluv ri lqghshqghqw udqgrp yduldeohv h% dqg h+/ dqg dw dq| zhdowk ohyho
51 Lq rwkhu zrugv/ dgglqj dq rswlpdo ulvn h{srvxuh h% uhgxfhv wkh ghpdqg
iru dq| rwkhu lqghshqghqw ulvn1
515 D qhfhvvdu| frqglwlrq
Ghqlqj E ’ .En h% iru doo / zlwk .h%E5 n h% ’ f/ frqglwlrq +8, lv
htxlydohqw wr
.h+E5 n h+ ’ f ’, .h+E5 n h+  f +9,
5Zkhuhdv } . h{ dqg } . h| duh lq wkh grpdlq ri x/ lw lv qrw qhfhvvdulo| wuxh wkdw wkh
vxssruw ri }.h{.h| lv lq wkh vdph grpdlq1 Wklv lv d vwdqgdug gl!fxow| ri grlqj frpsdudwlyh
vwdwlfv dqdo|vlv zlwk qrq pdujlqdo fkdqjhv lq wkh sdudphwhuv1 Krzhyhu/ lw lv hdv| wr fkhfn
wkdw zkhq wkh vxssruw ri } . h{. h| lv qrw lq wkh grpdlq ri x/ wkhq wkh rswlpdo  lv ohvv
wkdq 4 zkhq h{ lv lqwurgxfhg1
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Frqglwlrq +9, lv qhfhvvdu| dqg vx!flhqw iru djhqw  wr ghpdqg ohvv ulvn|
dvvhwv wkdq djhqw  zkr kdv wkh vdph zhdowk ohyho 51 Dv lv zhoo0nqrzq/ d
qhfhvvdu| frqglwlrq iru wklv lv wkdwE5*E5 eh odujhu wkdqE5*E51
Wkxv/ xvlqj wkh ghqlwlrq ri ixqfwlrq / d qhfhvvdu| frqglwlrq iru xqfrpshq0
vdwhg vxevwlwxwdelolw| lv=
;5c h% G .h%E5 n h% ’ f ’, .E5 n h%
.E5 n h%  
E5
E5
 +:,
Lq rwkhu zrugv/ zh pxvw ghwhuplqh zkhwkhu dq rswlpdo ulvn h{srvxuh lq0
fuhdvhv orfdo ulvn dyhuvlrq1 Ohwf ghqrwh wkh fxpxodwlyh glvwulexwlrq ixqfwlrq
ri h%1 Ghqrwlqj devroxwh ulvn dyhuvlrq e| E ’ E*Ec wkh deryh
frqglwlrq lv uhzulwwhq dv]
%E5 n %_fE% ’ f ’,
]
E5 n %
.E5 n h%E5 n %_fE%  E5 +;,
Wkh ulvn0qhxwudo fxpxodwlyh glvwulexwlrq ef lv ghqhg dv
_ efE% ’ E5 n %
.E5 n %
_fE% +<,
Xvlqj e.Eh% ’ U E%_ efE% iru wkh h{shfwdwlrq rshudwru xqghu wkh ulvn
qhxwudo suredelolw| glvwulexwlrq/ frqglwlrq +:, lv htxlydohqw wr
;5c h% G e.h% ’ f ’, e.E5 n h%  E5 +43,
Reylrxvo|/ wklv lv wuxh li dqg rqo| li wkh Duurz0Sudww devroxwh ulvn dyhuvlrq lv
d frqyh{ ixqfwlrq ri zhdowk1 Wklv suryhv wkh iroorzlqj Sursrvlwlrq/ zklfk kdv
ruljlqdoo| ehhq rewdlqhg e| Jroolhu dqg Nlpedoo +4<<:, zkr xvhg d glhuhqw
whfkqltxh ri surri1
Sursrvlwlrq 4 Dgglqj dq rswlpdo ulvn h{srvxuh wr zhdowk lqfuhdvhv +uh0
gxfhv, orfdo ulvn dyhuvlrq li dqg rqo| li devroxwh ulvn dyhuvlrq lv frqyh{ +frq0
fdyh, lq zhdowk1 Frqyh{ devroxwh ulvn dyhuvlrq lv d qhfhvvdu| frqglwlrq iru
ulvn vxevwlwxwdelolw|1
Doo idploldu xwlolw| ixqfwlrqv dv wkh srzhu dqg orjdulwkplf rqhv vdwlvi|
wkh frqglwlrq wkdw devroxwh ulvn dyhuvlrq lv frqyh{ lq zhdowk1
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516 Wkh qhfhvvdu| dqg vx!flhqw frqglwlrq
Ohppd 4/ d vwdqgdug k|shusodqh vhsdudwlrq wkhruhp/ lv xvhixo iru ghulylqj
wkh qhfhvvdu| dqg vx!flhqw frqglwlrq iru +xqfrpshqvdwhg, ulvn vxevwlwxwdelo0
lw|1 Wklv uhvxow lv dovr lq Jroolhu dqg Nlpedoo +4<<:,/ exw zh surylgh d qhz
surri ri lw1
Ohppd 4 Frqvlghu d vhw ri ixqfwlrqv sc  ’ fc c c ?c iurp - wr -1 Wkh
iroorzlqj wzr frqglwlrqv duh htxlydohqw=
 .sEh% ’ f  ’ c c ? ’, .sfEh%  f iru doo h%>
 Wkhuh h{lvwv d yhfwru +6c c6? vxfk wkdw sfE% 
S?
'6sE% iru
doo %1
Pruhryhu/ li sEf ’ f dqg s

Ef h{lvwv/ iru doo  ’ fc c c ? / yhfwru
+6c c6? pxvw vdwlvi| wkh iroorzlqj frqglwlrq=
s fEf
?[
'
6s

Ef ’ f +44,
Ilqdoo|/ li s lv wzlfh glhuhqwldeoh/  ’ fc c c ?c wkhq d qhfhvvdu| frqglwlrq
lv wkdw
s

f Ef
?[
'
6s

 Ef  f +45,
Zkhq ? ’ / frqglwlrq +44, surylghv wkh rqo| srwhqwldo fdqglgdwh iru6/
zklfk lv htxdo wr s fEf*s

Ef1
Wkh iroorzlqj Sursrvlwlrq lv rewdlqhg e| xvlqj wkh ? ’  yhuvlrq ri
Ohppd 4 wzlfh1
Sursrvlwlrq 5 Lqghshqghqw ulvn| dvvhwv duh xqfrpshqvdwhg vxevwlwxwhv +uhvs1
frpsohphqwv, li dqg rqo| li ixqfwlrq ME5c %c + ghqhg e| htxdwlrq +46, lv
qrqsrvlwlyh +uhvs1 qrqqhjdwlyh, iru hyhu| E5c %c + lq wkh ihdvleoh grpdlq1
ME5c %c + ’ + iE5 n %n +E5 E5 n %E5 n +j +46,
n%+E5 n %E5 n + dE5 n + E5o 
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Lw lv lpsruwdqw wr revhuyh wkdw wkh frqyh{lw| ri devroxwh ulvn dyhuvlrq
jxdudqwhhv wkdw M lv frqyh{ lq + orfdoo| durxqg E5c %c f1 Lqghhg/ zh kdyh
wkdw
Y2M
Y+2

+'f
’ 2E5E5 n % dE5 n %E5 E5 n %o  +47,
Ehfdxvh M dqg lwv ghulydwlyh zlwk uhvshfw wr + dw E5c %c f duh }hur/ lw lpsolhv
wkdw dgglqj hqgrjhqrxv ulvn h% uhgxfhv wkh ghpdqg iru dq| rwkhu hqgrjhqrxv
ulvn h+ zkrvh rswlpdo h{srvxuh lv vpdoo/ l1h1 iru ulvn h+ zkrvh h{shfwdwlrq lv
vpdoo zlwk uhvshfw wr lwv vwdqgdug ghyldwlrq1
Rqh pljkw eholhyh wkdw lpsrvlqj wkh orfdo frqyh{lw| ri  dw dq| zhdowk
ohyho/ l1h1/ joredo frqyh{lw|/ zrxog lpso| wkdw wkh orfdo surshuw| rewdlqhg lq
wkh fruroodu| zrxog eh joredo1 Ohw xv pdnh d sdudooho zlwk wkh qrwlrqv ri orfdo
dqg joredo ulvn dyhuvlrq1 Orfdo ulvn dyhuvlrq phdqv wkdw wkh djhqw uhmhfwv dq|
vpdoo idlu ulvn/ zkhuhdv joredo ulvn dyhuvlrq phdqv wkdw wkh djhqw uhmhfwv dq|
idlu ulvn1 Zh nqrz vlqfh Sudww +4<97, wkdw li dq djhqw lv orfdoo| ulvn0dyhuvh dw
dq| zhdowk ohyho/ wkhq kh lv joredoo| ulvn0dyhuvh1 Wr vkrz wkdw wklv nlqg ri
surshuw| grhv qrw krog khuh/ zh sursrvh wkh iroorzlqj frxqwhuh{dpsoh1 Wkh
lqyhvwru kdv d srzhu xwlolw| ixqfwlrq
E5 ’
53
 
c +48,
zkhuh  : f lv wkh frqvwdqw uhodwlyh ulvn dyhuvlrq +FUUD,1 Wkh ghjuhh ri
devroxwh ulvn dyhuvlrq htxdov E5 ’ *5/ zklfk lv d frqyh{ ixqfwlrq ri 51
Ixqfwlrq M lv wkhq zulwwhq dv
ME5c %c + ’ +

E5 n + n %353  E5 n %3E5 n +3 
+%E5 n %3E5 n +3
5E5 n +

+49,
E| Sursrvlwlrq 5/ lqghshqghqw ulvnv duh xqfrpshqvdwhg vxevwlwxwhv li M lv
qrqsrvlwlyh iru doo E5c %c + lq wkh ihdvleoh grpdlq i5 n % : f( 5 n + : f dqg 5 n %n + : fj 
Il{ % dqg + srvlwlyh/ dqg ohw 5 dssurdfk f1 Wkhq/ wkh uvw dqg wkh wklug
whupv lq wkh uljkw0kdqg vlgh ri +49, whqg wr lqqlw|1 Li  lv odujhu wkdq 4/ wklv
lv wkh uvw zklfk grplqdwhv/ dqg M whqgv wr n4Ixqfwlrq M lv ghslfwhg lq
Iljxuh 4 iru  ’ D / 5 ’ c % ’ 1 Zh vhh wkdw M dqg YM*Y+ duh erwk }hur
dw E5c %c f1 Wkh frqyh{lw| ri  lpsolhv wkdw Y2M*Y+2 lv qhjdwlyh dw E5c %c fc
:
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Iljxuh 4= Hydoxdwlrq ri MEc c + iru wkh FUUD xwlolw| ixqfwlrq/ zlwk  ’ D1
zklfk lpsolhv wkdw M lv qrqsrvlwlyh lq wkh qhljkerukrrg ri + ’ f1 Exw M lv
qrw qrqsrvlwlyh hyhu|zkhuh1
Wr eh pruh h{solflw/ wdnh wkh FUUD xwlolw| ixqfwlrq zlwk  ’ D/ 5 ’ 
dqg h% dqg h+ ehlqj l1l1g1 dqg glvwulexwhg dv Efc e*f( fc S*f1 Diwhu
vrph frpsxwdwlrqv/ zh jhw wkdw wkh rswlpdo lqyhvwphqw zkhq rqo| rqh ulvn|
dvvhw lv rhuhg lv fS.H1 Zkhq wkh vhfrqg ulvn| dvvhw lv dovr rhuhg/ wkh
lqyhvwru lqfuhdvhv klv ghpdqg iru wkh uvw dvvhw xs wr f.f.1 Rxu frqfox0
vlrqv iurp wklv h{dpsoh duh wzrirog= uvw/ wkh frqyh{lw| ri devroxwh ulvn
dyhuvlrq lv qrw vx!flhqw iru xqfrpshqvdwhg vxevwlwxwdelolw|1 Vhfrqg/ FUUD
xwlolw| ixqfwlrqv zlwk d uhodwlyh ulvn dyhuvlrq odujhu wkdq xqlw| pd| qrw |lhog
xqfrpshqvdwhg vxevwlwxwdelolw| iru doo sdluv ri lqghshqghqw ulvnv1
517 D vx!flhqw frqglwlrq iru xqfrpshqvdwhg vxevwl0
wxwdelolw|
Uhphpehu wkdw xqfrpshqvdwhg ulvn vxevwlwxwdelolw| phdqv wkdw dgglqj dq
rswlpdo ulvn h{srvxuh h% uhgxfhv wkh ghpdqg iru dq| rwkhu lqghshqghqw ulvn1
Nlpedoo +4<<6, h{dplqhg wkh vdph txhvwlrq/ exw uhsodflqj wkh uhvwulfwlrq
wkdw h% eh rswlpdo e| wkh uhvwulfwlrq wkdw h% eh h{shfwhg0pdujlqdo0xwlolw| lq0
fuhdvlqj= .E5 n h%  E5 Nlpedoo suryhg wkdw ghfuhdvlqj devroxwh sux0
ghqfh dqg ghfuhdvlqj devroxwh ulvn dyhuvlrq duh qhfhvvdu| dqg vx!flhqw iru
wklv surshuw|1 Devroxwh suxghqfh lv ghqhg dv  E ’ E*E1 Lw
;
phdvxuhv wkh zloolqjqhvv wr vdyh lq wkh idfh ri xqfhuwdlq ixwxuh lqfrphv1
Srvlwlyh suxghqfh lv qhfhvvdu| iru ghfuhdvlqj devroxwh ulvn dyhuvlrq1 Nlp0
edoo +4<<3, surylghg dujxphqwv wr mxvwli| ghfuhdvlqj devroxwh suxghqfh1 Lq
sduwlfxodu/ ghfuhdvlqj devroxwh suxghqfh lpsolhv wkdw wkh ohyho ri vdylqj e|
zhdowklhu shrsoh lv ohvv vhqvlwlyh wr dq lqfuhdvh lq ulvn rq ixwxuh lqfrphv1
Iurp wkhvh revhuydwlrqv/ ghfuhdvlqj devroxwh ulvn dyhuvlrq dqg ghfuhdvlqj
devroxwh suxghqfh zrxog eh vx!flhqw iru xqfrpshqvdwhg vxevwlwxwdelolw| li
dq rswlpdo ulvn zrxog udlvh h{shfwhg pdujlqdo xwlolw|/ l1h1/ li
.h%E5 n h% ’ f ’, .E5 n h%  E5 +4:,
Xvlqj ulvn0qhxwudo suredelolwlhv dv ghqhg lq htxdwlrq +<,/ zh fdq uhzulwh
surshuw| +4:, dv6
e.h% ’ f ’, e. 
E5 n h%  E5  +4;,
Wklv lv wuxh li dqg rqo| li * lv frqfdyh1 Wkh uhdghu fdq hdvlo| fkhfn wkdw
wklv lv htxlydohqw wr   2
Ohppd 5 Dq rswlpdo ulvn h{srvxuh udlvhv wkh h{shfwhg pdujlqdo xwlolw| li
dqg rqo| li devroxwh suxghqfh lv odujhu wkdq wzlfh devroxwh ulvn dyhuvlrq=
 E5  2E5 iru doo 51
Wkh lqwxlwlrq wr h{sodlq wkdw suxghqfh pxvw eh vx!flhqwo| odujhu wkdq ulvn
dyhuvlrq lv txlwh vlpsoh1 Dq rswlpdo ulvn pxvw kdyh d srvlwlyh h{shfwdwlrq1
Ehfdxvh pdujlqdo xwlolw| lv ghfuhdvlqj/ wklv lqfuhdvh lq h{shfwhg frqvxpswlrq
kdv d qhjdwlyh lpsdfw rq h{shfwhg pdujlqdo xwlolw|1 Wkh lqwhqvlw| ri wklv
hhfw ghshqgv xsrq wkh vhqvlwlylw| ri  wr fkdqjh lq frqvxpswlrq/ zklfk lv
phdvxuhg e| 1 Lq dgglwlrq wr wklv zhdowk hhfw/ wkhuh lv d ulvn hhfw= wkh
xqfhuwdlqw| dhfwlqj wkh uhwxuq durxqg lwv phdqv lqfuhdvhv h{shfwhg pdujlqdo
xwlolw| li pdujlqdo xwlolw| lv frqyh{1 Wkh vl}h ri wklv hhfw lv sursruwlrqdo wr
wkh ghjuhh ri frqyh{lw| ri / zklfk lv phdvxuhg e|  1 Wkh ulvn hhfw pxvw eh
vx!flhqwo| odujhu wkdq wkh zhdowk hhfw iru dq rswlpdo ulvn wr udlvh h{shfwhg
pdujlqdo xwlolw|1
6Wkh ulvn0qhxwudo h{shfwdwlrq ri 4@x3+}. h{, h{lvwv ehfdxvh lw pxvw eh wkdw wkh vxssruw
ri }.h{ eh lq wkh grpdlq ri x1 Rwkhuzlvh  @ 4 zrxog qrw eh rswlpdo zkhq h{ lv frqvlghuhg
lq lvrodwlrq1
<
Qrwlfh wkdw frqglwlrq   2 lv vwurqjhu wkdq ghfuhdvlqj devroxwh ulvn
dyhuvlrq/ zklfk lv lwvhoi htxlydohqw wr frqglwlrq   1 Lqghhg/ zh kdyh wkdw
E ’ E dE  Eo  Wklv htxdwlrq dovr whoov xv wkdw
E ’ E dE  Eo d2E  Eo E E +4<,
Lq frqvhtxhqfh/ ghfuhdvlqj devroxwh suxghqfh dqg   2 lpso| wkdw  lv
frqyh{1
Zh fdq qrz frpelqh wkh iroorzlqj uhvxowv=
 +Nlpedoo +4<<6,, Dq h{shfwhg0pdujlqdo0xwlolw|0lqfuhdvlqj ulvn uhgxfhv
wkh ghpdqg iru rwkhu lqghshqghqw ulvn li dqg rqo| li devroxwh ulvn dyhu0
vlrq dqg devroxwh suxghqfh duh ghfuhdvlqj>
 +Ohppd 5, Doo rswlpdo ulvn h{srvxuhv duh h{shfwhg0pdujlqdo0xwlolw|0
lqfuhdvlqj li  lv odujhu wkdq 2>
Wklv |lhogv wkh iroorzlqj Sursrvlwlrq1
Sursrvlwlrq 6 Lqghshqghqw ulvnv duh xqfrpshqvdwhg vxevwlwxwhv li devroxwh
suxghqfh lv ghfuhdvlqj dqg odujhu wkdq wzlfh wkh devroxwh ulvn dyhuvlrq1
Dqrwkhu txhvwlrq lv zkhwkhu wklv vx!flhqw frqglwlrq lv idu iurp wkh qhf0
hvvdu| dqg vx!flhqw frqglwlrq suhvhqwhg lq Sursrvlwlrq 51 Wr dqvzhu wklv
txhvwlrq/ ohw xv frqvlghu djdlq wkh fdvh ri xwlolw| ixqfwlrqv zlwk frqvwdqw uho0
dwlyh ulvn dyhuvlrq/ iru zklfk zh nqrz wkdw devroxwh ulvn dyhuvlrq lv frqyh{
lq zhdowk1 Li zh dvvxph wkdw  vdwlvhv frqglwlrq +48,/ frqglwlrq   2
ehfrphv htxlydohqw wr uhodwlyh ulvn dyhuvlrq  ehlqj ohvv wkdq c vlqfh E ’
* dqg  E ’ E n * lq wkdw fdvh1 Rxu uhvxowv lq wkh FUUD fdvh duh
jdwkhuhg lq wkh iroorzlqj Fruroodu|1
Fruroodu| 4 Vxssrvh wkdw uhodwlyh ulvn dyhuvlrq lv frqvwdqw1 Wkhq/ vpdoo
lqghshqghqw ulvnv duh xqfrpshqvdwhg vxevwlwxwhv1 Pruhryhu/ wkh iroorzlqj
surshuwlhv krog=
41 lqghshqghqw ulvnv duh xqfrpshqvdwhg vxevwlwxwhv li uhodwlyh ulvn dyhuvlrq
lv ohvv wkdq ru htxdo wr xqlw|1
51 lw lv dozd|v srvvleoh wr qg d sdlu ri lqghshqghqw ulvnv wkdw duh xqfrp0
shqvdwhg frpsohphqwv li uhodwlyh ulvn dyhuvlrq lv odujhu wkdq xqlw|1
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Surri= Wkh idfw wkdw vpdoo lqghshqghqw ulvn duh xqfrpshqvdwhg vxevwl0
wxwhv frphv iurp wkh idfw wkdw devroxwh ulvn dyhuvlrq lv frqyh{ iru FUUD
xwlolw| ixqfwlrqv1 Surshuw| 5 lq wklv fruroodu| frphv iurp wkh idfw wkdw M
lv qrw qrqsrvlwlyh zkhq  lv odujhu wkdq xqlw|1 Dv revhuyhg hduolhu/ li  lv
odujhu wkdq 4/ ME5c %c + whqgv wr n4 zkhq 5 whqgv wr }hur dqg % dqg + duh
srvlwlyh 
6 Wkh frpshqvdwhg vxevwlwxwdelolw| ri lqgh0
shqghqw ulvn| dvvhwv
Lq wkh suhylrxv vhfwlrq/ zh h{dplqhg wkh frqglwlrq xqghu zklfk wkh lqwurgxf0
wlrq ri dq lqglylgxdoo| rswlpdo ulvn h% uhgxfhv wkh ghpdqg iru dq| lqghshqghqw
ulvn h+1 Wklv frqglwlrq/ zklfk zh fdoohg xqfrpshqvdwhg vxevwlwxwdelolw|/ grhv
qrw qhfhvvdulo| lpso| vxevwlwxwdelolw|1 Ulvnv duh vxevwlwxwhv li wkh lqwurgxf0
wlrq ri wkh rssruwxqlw| wr lqyhvw lq dq| ulvn h% uhgxfhv wkh ghpdqg iru dq|
rwkhu lqghshqghqw ulvn h+1
Fkdudfwhul}lqj wkh qhfhvvdu| dqg vx!flhqw frqglwlrq iru ulvn vxevwlwxwdelo0
lw| lv pruh frpsoh{ zkhq ulvnv duh qrw lghqwlfdoo| glvwulexwhg1 Ohw EkWc qW
eh wkh sdlu zklfk pd{lpl}hv gEkc q ’ .E5 n kh% n qh+1 Dvvxplqj wkdw
.h+E5nh+ ’ fc ulvnv h% dqg h+ zloo eh vxevwlwxwhv li qW lv ohvv wkdq 41 Ehfdxvh
g lv frqfdyh/ wkh vwdqgdug phwkrg wr ghwhuplqh zkhwkhu qW lv ohvv wkdq
xqlw| frqvlvwv lq uvw rewdlqlqj wkh k wkdw pd{lpl}hv gEkc 1 Ohw xv ghqrwh
lw ek Wkhq/ qW lv ohvv wkdq 4 li Yg
Yq
lv qhjdwlyh zkhq hydoxdwhg dw Eekc 
Zh qrupdol}h ek wr xqlw|/ zklfk phdqv wkdw
Yg
Yk
Ec  ’ .h%E5 n h%n h+ ’ f +53,
Ulvnv h% dqg h+ duh vxevwlwxwhv li Yg
Yq
Ec  ’ .h+E5 n h%n h+  f/ rwkhuzlvh
wkh| duh frpsohphqwv Wr vxp xs/ lqghshqghqw ulvn| dvvhwv duh vxevwlwxwhv
li dqg rqo| li
.h+E5 n h+ ’ f
.h%E5 n h%n h+ ’ f

’, .h+E5 n h%n h+  fc +54,
Revhuyh wkdw wklv ghqlwlrq ri ulvn vxevwlwxwdelolw| glhuv iurp wkh ghqlwlrq
ri xqfrpshqvdwhg vxevwlwxwdelolw| dsshdulqj lq htxdwlrq +8, rqo| e| wkh
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uhsodfhphqw ri frqglwlrq .h%E5 n h% ’ f e| frqglwlrq .h%E5 n h%n h+ ’ f1
Ulvn h%pd| qrw eh lqglylgxdoo| rswlpdo1 Udwkhu/ lwv vl}h pxvw eh rswlpdo zkhq
dgghg wr wkh lqglylgxdoo| rswlpdo ulvn h+1 Ulvnv duh vxevwlwxwhv li dgglqj d
qhz ulvn zkrvh vl}h lv rswlpdo jlyhq wkh h{lvwhqfh ri wkh rwkhu ulvn lq wkh
sruwirolr lqgxfhv wkh djhqw wr uhgxfh wkh vl}h ri wklv rwkhu ulvn1
Zh qrz suryh wkdw wkh vx!flhqw frqglwlrq iru xqfrpshqvdwhg vxevwl0
wxwdelolw| wkdw zh suhvhqwhg lq Sursrvlwlrq 6 lv dovr vx!flhqw iru wkh vxe0
vwlwxwdelolw| ri lqghshqghqw ulvnv1 Wkh surri ri wklv uhvxow lv edvhg rq wkh
surshuw| wkdw wkh lqgluhfw xwlolw| ixqfwlrq lqkhulwv wkh surshuw| wkdw   2
iurp wkh ruljlqdo xwlolw| ixqfwlrq/ dv vwdwhg lq wkh iroorzlqj Ohppd1
Ohppd 6 Frqvlghu dq| udqgrp yduldeoh h+ dqg ghqh wkh dvvrfldwhg lqgluhfw
xwlolw| ixqfwlrq e e| eE ’ .Enh+ iru doo  Vxssrvh wkdw E*E
lv vpdoohu wkdq 2E*E iru doo 1 Wkhq/ 0eE*eE lv vpdoohu wkdq
2eE*eE1
Surri= Vhh wkh Dsshqgl{1 Wkh surri lv edvhg rq Ohppd 41
Sursrvlwlrq 7 Lqghshqghqw ulvnv duh vxevwlwxwhv li devroxwh suxghqfh lv gh0
fuhdvlqj dqg odujhu wkdq wzlfh wkh devroxwh ulvn dyhuvlrq1
Surri = Nlpedoo +4<<6, suryhg wkdw ghfuhdvlqj devroxwh ulvn dyhuvlrq dqg
ghfuhdvlqj devroxwh suxghqfh duh qhfhvvdu| dqg vx!flhqw iru wkh iroorzlqj
surshuw| wr krog=
.h+E5 n h+ ’ f
.E5 n h%n h+  .E5 n h+

’, .h+E5 n h%n h+  f +55,
Dv ehiruh/ zh zrxog eh grqh li zh frxog suryh wkdw
.h%E5 n h%n h+ ’ f ’, .E5 n h%n h+  .E5 n h+c +56,
ru/ htxlydohqwo|/ li
.h%eE5 n h% ’ f ’, .eE5 n h%  eE5c  +57,
zkhuh eE ’ .Enh+1 E| Sursrvlwlrq 5/ zh nqrz wkdw surshuw| +57, krogv
li dqg rqo| li wkh devroxwh suxghqfh ri e lv odujhu wkdq wzlfh wkh devroxwh ulvn
dyhuvlrq ri e1 Iurp Ohppd 6/ zh nqrz wkdw wklv lv wuxh zkhq wkh devroxwh
suxghqfh ri  lv odujhu wkdq wzlfh wkh devroxwh ulvn dyhuvlrq ri 1 
Wkxv/ wkh vx!flhqw frqglwlrq iru xqfrpshqvdwhg ulvn vxevwlwxwdelolw| lv
dovr vx!flhqw iru wkh pruh ghpdqglqj frqglwlrq ri ulvn vxevwlwxwdelolw|1
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7 Frqfoxvlrq
Sudww dqg ]hfnkdxvhu +4<;:, vxjjhvwhg wkdw lqghshqghqw ulvnv vkrxog eh vxe0
vwlwxwhv lq wkh vhqvh wkdw wzr lqglylgxdoo| xqghvludeoh ulvnv vkrxog qhyhu eh
mrlqwo| ghvludeoh1 Wkh| vkrzhg wkdw wklv lv wuxh rqo| xqghu vrph vshflf
uhvwulfwlrqv rq suhihuhqfhv wkdw wkh| fdoohg surshuqhvv1 Lq wklv sdshu/ zh
frqvlghuhg dqrwkhu frqfhsw ri vxevwlwxwdelolw|1 Lqghshqghqw ulvnv duh vxevwl0
wxwhv li wkh rssruwxqlw| wr lqyhvw lq rqh ulvn dozd|v uhgxfhv wkh lqyhvwphqw lq
rwkhu ulvnv1 Rxu frqfoxvlrqv duh wzrirog1 Iluvw/ wkh k|srwkhvlv wkdw lqghshq0
ghqw ulvnv duh vxevwlwxwhv vhhpv sodxvleoh li zh frqvlghu vpdoo ulvnv1 Lqghhg/
wkh rqo| frqglwlrq rq suhihuhqfhv wkdw lv uhtxluhg wr jhw wklv uhvxow lv wkdw
devroxwh ulvn dyhuvlrq eh frqyh{1 Xqghu GDUD/ wklv phdqv wkdw wkh ulvn
suhplxp dvvrfldwhg wr d vpdoo ulvn lv ghfuhdvlqj zlwk zhdowk dw d ghfuhdvlqj
udwh1 Vhfrqg/ wklv k|srwkhvlv lv txhvwlrqdeoh iru odujhu ulvnv1 Lq sduwlfxodu/
zh fdq dozd|v qg d sdlu ri lqghshqghqw ulvnv wkdw duh frpsohphqwv zkhq
wkh xwlolw| ixqfwlrq h{klelwv frqvwdqw uhodwlyh ulvn dyhuvlrq odujhu wkdq xqlw|1
Krzhyhu/ d vx!flhqw frqglwlrq iru wkh vxevwlwxwdelolw| ri lqghshqghqw ulvnv lv
wkdw devroxwh suxghqfh eh ghfuhdvlqj dqg odujhu wkdq wzlfh wkh devroxwh ulvn
dyhuvlrq1 Zkhwkhu dfwxdo suhihuhqfhv h{klelw wklv surshuw| lv dq hpslulfdo
txhvwlrq wkdw lv ohiw iru ixwxuh uhvhdufk1
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Uhihuhqfhv
Duurz/ N1/ +4<:4,/ Hvvd|v lq wkh Wkhru| ri Ulvn Ehdulqj/ Pdunkdp
Sxeolvklqj Fr/ Fklfdjr1
Gdodo/ D1M1/ +4<;6,/ Frpsdudwlyh Vwdwlfv dqg Dvvhw Vxevwlwxwdelolw|0
Frpsohphqwdulw| lq d Sruwirolr Prgho/ Uhylhz ri Hfrqrplf
Vwxglhv/ 83/ 68809:1
Jroolhu/ F1/ dqg P1V1 Nlpedoo/ +4<<:,/ Wrzdug d v|vwhpdwlf ds0
surdfk wr wkh hfrqrplf hhfwv ri xqfhuwdlqw|= fkdudfwhul}lqj
xwlolw| ixqfwlrqv/ Glvfxvvlrq sdshu/ Xqlyhuvlw| ri Plfkljdq1
Jroolhu/ F1 dqg M1Z1 Sudww/ +4<<9,/ Ulvn yxoqhudelolw| dqg wkh
whpshulqj hhfw ri edfnjurxqg ulvn/ Hfrqrphwulfd/ 97/ 443<0
44571
Nlpedoo/ P1V1/ +4<<3,/ Suhfdxwlrqdu| Vdylqj lq wkh Vpdoo dqg lq
wkh Odujh/ Hfrqrphwulfd/ 8;/ 860:61
Nlpedoo/ P1V1/ +4<<6,/ Vwdqgdug Ulvn Dyhuvlrq/ Hfrqrphwulfd/
94/ 8;<09441
Nrfkhuodnrwd/ Q1U1/ +4<<9,/ Wkh Htxlw| Suhplxp= Lw*v Vwloo d
Sx}}oh/ Mrxuqdo ri Hfrqrplf Olwhudwxuh/ 67/ 750:41
Phkud/ U1 dqg H1 Suhvfrww/ +4<;8,/ Wkh Htxlw| Suhplxp= D
Sx}}oh/ Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 43/ 668066<1
Sudww/ M1Z1/ +4<97,/ Ulvn Dyhuvlrq lq wkh Vpdoo dqg lq wkh Odujh/
Hfrqrphwulfd/ 65/ 45504691
Sudww/ M1Z1 dqg U1 ]hfnkdxvhu/ +4<;:,/ Surshu Ulvn Dyhuvlrq/
Hfrqrphwulfd/ 88/ 47604871
Urvv/ V1/ +4<<<,/ Dgglqj Ulvnv= Vdpxhovrq*v Idoodf| ri Odujh
Qxpehuv Uhylvlwhg/ Mrxuqdo ri Ilqdqfldo dqg Txdqwlwdwlyh
Dqdo|vlv/ 67/ 6560731
Vdqgpr/ D1/ +4<9<,/ Fdslwdo Ulvn/ Frqvxpswlrq/ dqg Sruwirolr
Fkrlfh/ Hfrqrphwulfd/ 6:/ 8;90<<1
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Surri ri Ohppd 4
Zh uvw suryh wkdw frqglwlrq sfE% 
S
6sE% lv qhfhvvdu| dqg vxi0
flhqw iru .sfEh%  f zkhqhyhu .sEh% ’ f iru doo  ’ c c ? D frxqwhu0
h{dpsoh zrxog eh irxqg e| fkdudfwhul}lqj d udqgrp yduldeoh h% vxfk wkdw
.sEh% ’ f iru doo / zlwk .sfEh% srvlwlyh1 Rxu ehvw fkdqfh wr jhw wklv lv
rewdlqhg e| qglqj wkh fxpxodwlyh glvwulexwlrq ixqfwlrq C ri h% wkdw vdwlvhv
wkh frqvwudlqw dqg zklfk pd{lpl}hv wkh h{shfwdwlrq ri sf1 Wkxv/ zh vkrxog
uvw vroyh wkh iroorzlqj sureohp=
4@ _CDf
U K
@
sfE%_CE%
r|
U K
@
sE%_CE% ’ f  ’ c c ?U K
@
_CE% ’ 
+58,
Wkh vhfrqg frqvwudlqw vlpso| vwdwhv wkdw C lv lqghhg d fxpxodwlyh glvwul0
exwlrq ixqfwlrq1 Ohw CW eh wkh glvwulexwlrq ixqfwlrq ri wkh ehvw fdqglgdwh
udqgrp yduldeoh wr ylrodwh Wkh uvw frqglwlrq lq Ohppd 41 Wkh Nxkq0Wxfnhu
frqglwlrqv iru wklv pd{lpl}dwlrq sureohp duh zulwwhq dv=
s2E%
?[
'
6sE% n &

’ f li _CWE% : f
 f li _CWE% ’ f
+59,
iru doo %/ zkhuh 6 dqg & duh wkh Odjudqjldq pxowlsolhuv dvvrfldwhg uhvshf0
wlyho| wr frqglwlrqv
U
sE%_CE% ’ f dqg
U
_CE% ’ 1 Ohw U  d@c Ko eh wkh
vxevhw ri srlqwv zlwk d srvlwlyh ghqvlw| + _CWE% : f1 Iurp frqglwlrq +59,/
zh rewdlq wkdw] K
@
sfE%_C
WE% ’
]
U
sfE%_C
WE% ’
?[
'
6
]
U
sE%_C
WE% n &
]
U
_CWE%
+5:,
Ehfdxvh CW pxvw vdwlvi| wkh frqvwudlqwv ri surjudp +58,/ zh rewdlq iurp wkh
deryh htxdolw| wkdw wkh ehvw fdqglgdwh wr ylrodwh surshuw| +58, lv vxfk wkdw
.sfEh% ’ &1 Wkxv d qhfhvvdu| dqg vx!flhqw frqglwlrq iru wkh uvw surshuw|
lq Ohppd 4 wr krog lv wkdw & eh qhjdwlyh1 Iurp frqglwlrqv +59,/ wklv phdqv
wkdw zh qhhg wkdw
E%c6c c6? ’ s2E%
?[
'
6sE%  f +5;,
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iru doo % lq d@c Ko 
Vxssrvh qrz wkdw sEf ’ f dqg s lv glhuhqwldeoh dw }hur/ iru doo  ’
fc c c ?1 Wkhq/ zh kdyh wkdw Efc6 ’ fc dqg  lv glhuhqwldeoh zlwk uhvshfw
wr % dw % ’ f D qhfhvvdu| frqglwlrq iru E%c6 wr eh qrqsrvlwlyh iru doo % lv
wkdw Y*Y% hydoxdwhg dw % ’ f eh }hur1 Wklv lpsolhv frqglwlrq +44,1 Dqrwkhu
qhfhvvdu| frqglwlrq lv wkdw Y2*Y%2 hydoxdwhg dw % ’ f eh qrqsrvlwlyh1 Wklv
lpsolhv frqglwlrq +45,
Surri ri Sursrvlwlrq 5
Zh xvh Ohppd 4 wzlfh1 Ghqh lqgluhfw xwlolw| ixqfwlrq  dv E ’
.E n h% zlwk .h%E5 n h% ’ f Wkhq/ frqglwlrq +8, lv uhzulwwhq dv/ ;h+ G
.h+E5 n h+ ’ f ’, .h+E5 n h+  f +5<,
Xvlqj Ohppd 4/ wklv lv htxlydohqw wr
+
E5 n +
E5 n +
 +
E5
E5
+63,
iru doo + Qrz/ zh uhphpehu wkh zd| zh frqvwuxfwhg ixqfwlrq  Frqglwlrq
+63, lv wkxv htxlydohqw wr
.h%E5 n h% ’ f ’, +. dE5 n h%n +E5 E5 n h%E5 n +o  fc
+64,
Xvlqj Ohppd 4 djdlq |lhogv wkh uhvxow1
Surri ri Ohppd 6
Frqglwlrq 3e
E5
eE5
 23e
E5
eE5
pd| eh uhzulwwhq dv iroorzv=
. dE5 n h% n bE5 n h%o ’ f ’, . dE5 n h% n 2bE5 n h%o  f
Xvlqj/ Ohppd 4/ zh nqrz wkdw wklv frqglwlrq krogv iru dq| 5 dqg h% li dqg
rqo| li wkhuh h{lvwv 6 ’ 6Ebc 5 vxfk wkdw
E5 n % n 2bE5 n %  6 dE5 n % n bE5 n %o +65,
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iru doo %1
E| ulvn dyhuvlrq/ frqglwlrq   2 lpsolhv wkdw
E5 n % n 2bE5 n % ’ E5 n %E5 n % d2b  E5 n %o
 2E5 n %E5 n % dbE5 n %o 
+66,
Zh duh orrnlqj iru d 6 vxfk wkdw
2E5 n %E5 n % db E5 n %o  6 dE5 n % n bE5 n %o +67,
Frpelqlqj frqglwlrqv +66, dqg +67, zrxog |lhog wkh qhfhvvdu| dqg vx!flhqw
frqglwlrq +65,1 Wdnlqj 6 ’ 2b lv d jrrg fdqglgdwh/ vlqfh frqglwlrq +67, lv
wkhq htxlydohqw wr
2E5 n % dbE5 n %o2  fc
zklfk lv wuxh1 
4:
